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Question 1

e Discussthe solution U(x,y) of thefollowing P.D.E. analytically:
i - Uy =c*Uy, 0<x<L,with B.C.: U(0;t) = U(L,t)=0and I.C. : U(x,0) = f(x), Us(x,0) = g(x)
li-Ug=cU O<x<L, with B.C.: U(O,t)=U(L,t)=0andI.C.: U(x,0) =f(x).

e Derivethesuitableformulasfor solving the above differential equationsusing finite difference

e If L =1, f(x) = sinnx, g(x) = x4 solve the above differential equations numerically &
analytically.

Question 2

e Find general solution of thefollowing P.D.E. analytically

1) 3ux+4u-5u=10y
2) 4uy -24 uyy + 11uyy -12 Uy - 9u, -5u =0
e Derivethegeneral formulato obtain u(x,y) numerically using finite difference

Question 3

Solvethel.V.P. using 2 different numerical methods
X -3y =-2t+x-2y-7,2 +y =10t +y + 3-t% x(0) = 1, y(0) = -3
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Model answer
Answer of question 1
1) We use Separation method to solve the Wave equation, so that the solution is expressed as U(x,t) =

O(X) (1), therefore U= ¢''(X) P (t) and Uy = §(X) P"'(t), thusc®¢”'(X) P(t) = d(X) P"'(t).

Therefore% ]é%l = —A, where A ispositive constant.
C

Thus ¢''(X) +A ¢(X) = 0, the characteristic equationism®+ A =0, so
O(X) = ¢, cosv/A X + ¢ sin/A x.

And P"(t) + c®A P (t) = 0, the characteristic equation isn®+ ¢ A= 0, so
W(t)=cscosc/At+cisincy/At.

Therefore U(x,t) = (¢, cosv/A X + C snvA X)( c3 cos cAt+ CsSiN c\/Xt).

But U(O,t) = O, therefore ¢, ( c3 cos c\/x t + ¢, 9n c\/x t) = 0, thus ¢,= 0, hence
U(x,t) =(c, sinx/Xx)( C3 COS c/At+ Cs SN cx/Xt).

Since U(L,t) = 0, therefore (c, snJA L)( cs cos c/At+ Cs SN c\/Xt) =0, but ¢, #0, thussinv/A L =

0, hence/AL =nm= A = (rll_n)z, n=1,2,3, .... Therefore ¢(X)=(c,sin ( T x), thus U(x,t) =

Zsm(nn)x[A cos(Cn’T)t+B sn(cm)t]

But U(x,0) = f(x) = ZAnSIn( T)x , which is Fourier sine series such that




An =2 11) sin()x dx
Lo
Since Uy(x,t) = Z(Cm)sn(m)x[ A,sin (C”")t+ B, cos(C”T‘)t]

And Uy(x,0) = g(x) , therefore Z B (Crm)Sl n( )X g(x) , which is Fourier sine series such

that Bn(C”“) =< j g(x) s n(”L“)x dx , therefore
Lo

B, —jg(x) sm(rm)x dx
CNmo

1) We use Separation method to solve the Heat equation, so that the solution is expressed as U(x,t) =
d(X)W (1), therefore U= ¢''(X) W(t) and U, = ¢(X) W'(t), thuscd’'(X) (1) = d(X) P'(t).

Thererfore%)z()2 = %H\%)) = —A, where A is positive constant.

Thus ¢''(X) +A ¢(X) = 0, the characteristic equationism®+ A =0, so
B(X) = ¢ cosv/A X + o siny/A x and W'(t) + cA P(t) = 0, the characteristic equation isn+ cA= 0, s0
P(t)=cse

Therefore U(x,t) = (¢, cosvA X + C snJA X)( C3 e b.

But U(O,t) = 0, therefore U(O,t) = (c)( c3 € _CM) = 0, thus ¢;=0, hence U(x,t) = (c; SinvA X)( C3
e Y and U(L,t) = 0, therefore: (¢, sinvA L)(c; ) =0 and ¢, 20, thus sinv/A L = 0, hence

JAL=nn= A = (rll_rc)z’ n=1 2, 3, .... Therefore ¢(X)= (c, sn (rll_n)x), thus U(x,t) =




_cnn
& sm( )X but U(x,0) = f(x) = ZAnsm( T)x , which is Fourier sine series such

X
E:/\n
n=1

L
that Aq = 2 [10) sSin(T)x dx

e To solve the above equation numerically , we use graphical representation of partial equations

U,..—U. U —U.. U ...—U. U.—U.
suchthat: u, =i bl _ Zhl L o o T TR TR T
X h h ’ y k k
u I+l] 2u +u u J+l 2“ +u u _ui+1,j+1_ui-1,j+1_ui+1,j-1+ui-l,j-l but U, =
XX = ’ yy ’ Xy — ’ tt —
h2 k2 4hk
2u U 2u ity
c? U, , therefore Y = @ Uin Ll and for U, = ¢ U,, , therefore
k2 h2
Ui — U e Uisg j— 20U, +U; g
k h2

Answer of question 2
1) Consider homogeneous partial differential equation:

aux +bu, +cu=g(xy)
The solution will beintheform: wq + k w=g(a,B) such that:
o= XC0sO +ysinB, P =-xsinO+ycoso
Uy=Ug Olx+UBPyx=Ug COSO-ug SiNO,
Uy=Ug oy+ UpPy=UgySNO+upcoso

Substitute in the above P.D.E. so that:




a(wg cosO-wpg sinb) +b (WgsinO+wpcosd ) + cw =w(a,p)

b

Ja+b?

Coefficient of wg = O, therefore —a sin6 + bcos0 = 0, thustan6 = b/a, sin6= and cos0 =

a

Jaz+b?

Therefore Va2 +b? wg+ cw = w(o,B) which is linear D.E. such that the solution will be in the

form:

we v 4¢£42£v?37 da. + O(B)

a2 +b?

Wherea=3,b=4, c=-5and g(x,y) = 10y, sine:g, COSO:%

and 5a=3x+4y, 58 = -
4x + 3y therefore w(a,p) = 10y = 8a+ 6 P = 5 wg-5w = 8a+ 6 B

S wWe%= j“+% L Beado + ¢(B).

2) alky + b uy, +cuyy + huc+ku +eu=0

L et the general solution of the above equationisu(x,y) =f(x+ Ay) =f(v) , wherev =x+ Ay, thus

_du, _du d2u 2, _ d4u
U= g Vi gy U= 5 (V)P4 5 V= a2’
_d?u du d?u
by = 2 Y Ty YT g2
d d d
5= a7 ay P O g




By taking the homogeneous part au, + b Uy + cuy, = 0, we will get

a+bA+cA?=0, where K 7‘2 are the two roots of the characteristic equation.

Wherea=4,b=-24,c=11, h=-12, k =-9, e=-5, therefore 111 - 24\ + 4=0, hence AL =20r A =
2/11 from which the general solution of the above equation isu(x,y) = ¢, f(x+ 2y) + ¢, f(x+ (2/11)y)

e To solve the above equation numerically , we use graphical representation of partial equations

u..—u. Uu.—-u,. u..—-u. UuU.—U.
SUCh that: U = i+1,] LI T i-1,] , U. = i,j+1 L Tl I,]-l,
X h h y k k
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Xx = h2 ’ yy k2 1 Xy 4hk ’ X
U..—Uu. u..—U.
b u, + cu=g(x.y) , therefore a[Ll’h—"L] + b[ﬁ%L]muLj = g(X:,y;) and for au + b U,y +C
2u ity
Uy + h u + k u + e u = 0 , theefore a | Hie ]+
h2
U, oa—U . —U + U, 2u ity U, —Uu. U ...—U
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Answer of question 3

X=X -2X+y -2t = f(Xy,t), Y=y-X*—2tx+ 2t +3= o (X,y1), X0 =2, ¥o=3, o= 1
Yia=Y;+ (h/2)[(|)(ti 1 X syi) + (P(ti+1’Xi + hf(ti 1 Xis yi)syi + h(P(ti 1 X 1yi) )]
Puti =0, therefore y, =y, + (W2)[o(ty, Xo. Yo) + @(t;, X + Nf(ty, X0, Yo) Yo +ho(ty, X0, o) )1 = 2.9585

t t
2-i) Yo = Yo +j(xnzn +28x_ -y, )dt, Xne1 = Xo +'[-1O(xn -y )dt Zn1 = 2o
¢ ty

t t
+'[(xnyn -8z./3)dt, Yo = -1, Xo = 2, to = 0, zo = 3, thus X; = Xq +j-10(x0 BVAY: YA
A b

Yo




t t
+ j (X,z, + 28X, - y,) dtand z, = z + j (x,Y, -8z,/3 ) dt, therefore x, = 2-30t, y,=-1+51t, z;
b t

t t
= 3-10t. Similarly, x2=xo+j-10(x1-y1) dt, Y2 = Yo +j(xlzl+28xl-y1) dt and z= z
b b

t
+ j (x,y, -82,/3 ) dt, therefore x, = 2 - 30t + 405t%, y, =-1+51t—(781/2)t* - 100t°, z, = 3-10t +(238/3)t*-
b

510t°.

2 s ng Euler, Xp1=Xn + h[-10(Xn - Yn)], Yner = Yn + D [-Xn 20+ 28 X, - Vi), thus X3 =Xo +h[-10(Xg -
Yo)] = 0.5= x(0.05), y; = Yo +h [-Xg Zp + 28 Xo — Yo] =1.55 = y(0.05) , therefore x(0.1) = X, = X; +h[-
10(X1 - Y1)] =1.025




1. Overall aimsof course

By the end of the course the students will be able to:
« Solveordinary and partial differential equations numerically
« Recognize finite difference method in solving P.D.E.

« Describe error analysis and stability for P.D.E.
2. Intended L earning outcomes of Course (ILOs)

a. Knowledge and Under standing:

2.1.1 Identify theories, fundamentals of ordinary and partial differential equations[Q1, Q2, Q3]
2.1.3 Recogni ze the devel opments of finite difference method in solving P.D.E. [Q1, Q2]
2.1.4 Summarize the moral and legal principles of error analysis and stability [Q1, Q2]

b. Intellectual Skills

2.2.5 Assess solutions of partia differential equations using finite difference method. [Q1, Q2]

c. Professional and Practical Skills

2.3.1 Interpret professional skillsin estimating error analysis and stability. [Q1, Q2]

d. General and Transferable Skills

2.4.1 Communicate effectively using researches of new topics about solutions of ordinary and partial
differentia equations .

2.4.5 Assessthe performance of error analysis and stability

2.4.6 Work in agroup and manage time effectively







